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Abstract

In this work we study the existence and regularity of solutions to the following
equation:
A —
Apu + g(z)u = TP ulP2u + f,
where 1 < p < N and f € L™(S2), where m > 1.
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1 Introduction

In a recent paper Arcoya et al. (2022), building up on the previous work Boccardo
et al. (2006), the authors study the existence and summability of the problem:

{—diV(M(a:)u) +g(x)u = ﬁu +f in Q, 1)

u(z) =0 on 01,

where M (z) is positive matrix such that M (2)¢-€ > alé|?, g(z) > 0,0 < A < a(¥52)?
and f € LY(Q).
In these notes we will study the equivalent problem for the p-Laplacian, namely:

{—Apu +g(z)u = Iw)“p lulP~2u + f in @)

u(z) =0 on 01,
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for 1 < p < N. The crucial component of our analysis is the Hardy inequality:

Theorem. (Hardy’s inequality) If v € Wé’p(Q) and 1 < p < N then

e < [, 3)

o laP =

where the constant H = (%) is optimal.

The idea of all the proofs is essentially the same: truncate and obtain boundedness
estimates. It’s remarkable that we can apply the same methods of the linear case to
this quasilinear case, despite the nonlinearities.

The upshot is that Hardy’s inequality provides a way to control the nonlinearity
in terms of the Sobolev norm, which is essentially what we are trying to estimate.

The main challenges of problem (2) are the low summability of the source f which
puts the right hand side outside the dual of Wé’p (), and the nonlinearity with super-
linear growth in case p > 2 (for more on this type of problem see da Silva (2024)),
which poses an obstacle to existence and high regularity.

The idea of truncating an equation in order to obtain estimates is not new, it
was consolidated by Stampacchia Stampacchia (1965), who proved an equivalent of
Calderon-Zygmund LP-estimates for equations with discontinuous coefficients. How-
ever, the method is not invincible, in some cases the existence of solutions is not
guaranteed, even for bounded sources; nevertheless, in these notes this method will be
successful due to the pivotal hole of Hardy’s inequality in obtaining the estimates.

The paper is organized as follows: In section 2, we analyze the case with no lower
order term, where we analyze two scenarios: high summability of the source, meaning f
is in the dual of Wé’p (©2); and low summability of the source, where we take the source
in L™(Q) with m > 1. In section 3 we study the same problem with a added lower
order term, we are able to obtain under certain hypothesis existence and regularity of
the solutions.
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Notation

- Q c R" is a bounded domain.

- The space W ?(Q) denotes the usual Sobolev space which is the closure of C§° (),
smooth functlons with compact support, in the p-norm.

- For 1 < p < oo, the p-Laplacian A, is given by —div(|Du[P~2Du).

For ¢ > 1, ¢ denotes the Holder conjugate, i.e. % + % = 1, and ¢* denotes the

Sobolev conjugate, defined by ¢* = A‘?—qu > ¢, where N is the dimension of the
domain 2 C R.



- We will use the somewhat standard notation for Stampacchia’s truncation
functions (see Boccardo and Croce (2013)):

Ti(s) = max{—k,min{s, k}}, Gk(s)=s—Ti(s), fork >0.

- The letter C' will always denote a positive constant which may vary from line to
line.

- The Lebesgue measure of a set A C R is denoted by |A|.

- The symbol — denotes weak convergence.

- The letter S denotes the best constant in Sobolev’s inequality ||u

see Talenti (1976) for its value.

. < S|Duf
p p

2 The case g(x) = 0 and p > 2.

In this section we analyze the Dirichlet problem:

—Apu = ﬁ|u|p_2u +f in €,
u(z) =0 on 0,

when p > 2,0 < X\ < HP and f € L™(Q) for a suitable m > 1.
We begin by considering the “truncated system” system:

div(|Dun|p2Dun)< A >< [n [Pt >+fn (5)

e VAN

where f, = T,(f). The classical theory of Leray-Lions operators guarantee the
existence of a unique solution u, € Wy (€2) N L ().

2.1 High summability: f € L™(Q) with m > (p*)’.
Theorem 1. Suppose f € L™(Q) with (p*) <m < % and :

(m = YN (N —mp)~!
(p = 1)p=tmp

0< A<

(6)

Then the Dirichlet problem (4) has a solution u € WP (Q)N L5 (), where s = N"_’gm.

Proof. Take ¢ = 777;1)“ |ten|"Pu,, as a test function in (5), where v > p is a number to
be chosen. If y = p, we can easily see that | Du,|| < C, so uy, is bounded in Wy (Q)
P

and hence u,, — u up to a subsequence. On the other hand, if v > p we have:

A Up |7 1 _
[ 1Dl < il | 1f@lafr.
Q y—p+1Jq |z Yy—p+1Jq




Rearranging using Hardy’s inequality (3) with v = |un|%

1
— Dluy,|?|? Dlu,|7|P + )|, [P
L [ 10l < g2 [ Dl + —— [ @l

That is,

v A )/ » ! (/ (y—p+1) ’)m/
R — T 5T T 1| . — | (VP A
(5 - ) Lol < ——ir, ([

where we have used Holder’s inequality in the last integral.
Choosing ~ such that % =(y—p+1)m' = (p—1)s, that is

_(=1m{N —p)
N —pm

)

we obtain:

1_1
7‘5

pP A
(7" HP(y — p+1></|u"| ) EEr N p+1”f”

In order for this to be meaningful, we must require v > p and % > A

HP(y—p+1)?

pPHP(y—p+1)  (m—1)N(N —mp)’~

1

that is:

1

N
V<m<—and0< A< =
w?) <m p P (p—1)P~tmp

We conclude that

luall, < CIAIL

for some C' > 0 that doesn’t depend on n. Therefore, u,, — v with v € L*(€2). We can

easily see that u is a weak solution by passing the limit in (5).

Remark 1. If p = 2, we recover Theorem 2.1 in Boccardo et al. (2006).

Remark 2. Notice the contrast between this case and the case Ay,u = f (treated for

example in Boccardo and Croce (2013)). In the latter, we only need (p*)’

<m<—

p?

whereas in the former an additional restriction has to be made in order to have the

same reqularity.

Remark 3. The inequality (6) is actually optimal as the example in (Boccardo et al.,
2006, Ez. 2.2) shows. The author construct a radial example in the case p = 2\ =

(m—1)N(N—mp)"~!
(p—1)P=tmr

and shows that the solution u ¢ L*(2).



2.2 Low summability: f € L™(Q2) with 1 < m < (p*)’

In this scenario, the right hand side in (4) is not in W‘LP/(Q), hence we can’t apply
classical existence results despite the coercivity.

Theorem 2. Suppose f € L™(Q) with 1 <m < (p*)’ and

(m—1)N(N — mp)P~!
(p—1p~tmr

(7)

0< A<

Then the Dirichlet problem (4) has a distributional solution u € W49 (Q), where
_ pmN

1= “Nptm(Np-2+p)°

Proof. Take ¢ = [(t + |u,|)Y"PT1 — t77PHl]sgn(u,,) as a test function in (5), where

~ > 1 is a number to be chosen. We have:

— |un|p_2un90 —p+1 —p+i
(-p41) [ 1Dunl e < [ B2 ey
Q o =P Q @®

Rearranging this we obtain:

_|_ t—i—unp—tp 1 _ 2
'Y p /lD t+un P_tp |P<)\ | | |p ‘ +AAW<|Un‘p QUnSD_|(t+Un)Z—t

+/ @It + )77 =077+
Q
Using Hardy and Sobolev inequalities we get:

NopE)pP A Lo\ 1 - .
o (O ) (e i) 0 [ i (e e

+/Q|f(ﬂc)||(t+ lup|)1 7P — 7P

15

")

If we fix n and let t — 0 we obtain:

+1)p > e\
oo (Ot 2N (L) <, ([ punlreom)
Y mA\JQ

Now we choose ~y such that 7%* = (y—p+ 1)m/, that is we choose

¥

v=(p- 1)7]\5]\7 ;1?

We conclude using (7) that
Juall_ < CISI

R



where s = NmN .
—pm

Notice that by (8) we also have for a fixed ¢ > 0:

P
/ _pul
o (t+ [un)P=

hence, fix @ > 1 we have:

o |Dun|0‘ (P=ye
/IDun| S/ﬁ(t"'wnl) B
Q 2 (t+ |unl)” >

Using Holder Inequality with £ and p—La:

p—

(p—v)a Ta
/Dun|asc(/<t+un> ) ,
Q Q

Let’s choose « such that (pp_f"ga = s, that is ,

B pmN
~Np+m(N(p—2)+p)’

(0%

which is positive and greater than 1, since we took m < (p*)’.
We conclude that
|Du,|<c.

so up to a subsequence, u,, — u in Wéa(Q)
We can easily see that this u is a distributional solution, see for instance Boccardo
-1 -1
and Murat (1992). (Notice that el 5 il w5 11(0)). O

|[P |[P

Remark 4. If p = 2, we recover Theorem 3.1 in Boccardo et al. (2006).

3 The case g(x) > 0: Regularity gain

In this section we analyze the following problems:

{_Apu +g(x)u= |w)\|p ulP"?u+ f in Q, )

u(z) =0 on 092,

when 0 < A < HP and f,g € LY(Q).
Recall that the reason for choosing 0 < A < HP is to ensure the coercivity of
the operator T'(u) = —Apu — ﬁm\f’_gu. In this case, the lower order term allow us

to obtain not only a distributional solution but a weak solution in Wé’p (), where



by a weak solution we mean u € W () such that g(z)u € L'(Q) and for every
© € W§P(Q) N L>®() we have:

[ D 2u-De+ [ glapue = [ ZourFue [ re

3.1 (possibly) unbounded solutions
Theorem 3. Suppose p > 2 and there is a M > 0 such that

|f(@)| < Mg(z). (10)

Then the Dirichlet problem (9) has a weak solution u € WP (). Moreover, u € L*(S2)
for any s € [p*, sy), where sy is the unique solution to the following equation:

HP[p(3r —1) +1]

()

Proof. We consider the truncated equation

x) A [tn [P~ 2y,

( f
—Ajuy, + Uy = —
P M) " e g e T

(11)

Sl=

Classical Leray-Lions theory guarantees the existence of a weak solution w, €
WP (Q) N L®(Q), see for example Theorem 5.1 or Example 9.12 in Boccardo and
Croce (2013).

Set g, = Hﬁ”’;(z) and f, =

Pl |f| , by hypothesis we have:

|fo(@)| < Mgn(z). (12)

Now, take ¢ = u,, as a test function in (11), we have:

|un [P
Dunp+/ uz, / T Uy
ot o < [ oo el A

Using (12), we have:

w. P
/\Dun|p+/gnui§)\/ | nL +M/gn\un\
Q Q o |zl Q

By Hardy’s inequality:

/\Dun|p+/gnu <—/ |Dun|p+M/gn\un\
Q




Rearranging, we obtain:

(1_)/|Dunp</gn|un|< — Jutnl)-

Using the trivial fact that the parabola z(M — ) has a maximum value of M? if
0 <z < M, we conclude that:

A
1—- = D P<M2/ <M2/
( HP)/Q| un| = an_ Qg

Therefore, u,, is bounded in WP (Q) and hence u, — u for some u € WP ().
As before, we can easily pass the limit and conclude that u is a solution. The term
gn(T)uy, is the tricky one, however Hardy’s inequality and Vitali’s convergence theorem
guarantees the L(£2) convergence.

We now prove the regularity of u € W(l)’p (Q). It’s enough to prove that wu, is
bounded in L*(Q). Take ¢ = |u,[PO~Yu, as a test function in (11), for some v > 1
to be chosen later. We have:

O-11) [ D0l O+ [ gulun0 D <o [ [, 00t

Reasoning as before, we apply Hardy’s inequality and use (12) to obtain:

_1 B _
( T )/'Dluml” /gnlunlp“ 1)”SM/gnlunlf”” D+
Y Q Q

Simplifying we get:

—1 1 A
(M - > /Q |DJun [P < /anmm-”“(M ~ lun).

")/p HP

As before, we can clearly see that the function 2P~V +1(M — 2) has a maximum for
0 <z < M. We have:

p(y—1)+1 _ i / |Dun |7 P < Mp(7—1)+2/ qg.
0k HP ) Ja B Q

By Sobolev’s inequality:

-1 1
(p('Y p)+ _) /|u |w <MP(’Y 1)+2/g
Y Q

In order for this to make sense, we must have:

Hlp(y = 1)+ 1]
fyp

A<



W. Notice that if s = p*

then h(s) = HP and A < HP which is always true. Also, h(s) is decreasing in [p*, c0),
so eventually it will hit )\, at a point s = sy. In conclusion, the estimate is valid for
p* < s < sy O

Let s = vp*, and consider the function h(s) =

Remark 5. The referee kindly pointed out that we could have considered the more
general term g(x)|u|P~2u in (9). Indeed, the proof would be the same the only difference
being the part where we analyze the mazimum of x(M — xP~1).

3.2 Bounded solutions: 1 < p < 2

Theorem 4. Suppose there are M > 0, N > 1 such that

1£(@)] < Mg(z) and Nﬁ < g(x) (13)

If we assume 1 < p < 2, then the Dirichlet problem (9) has a bounded weak solution
ue WHP(Q) N Le(Q).

Proof. We consider the truncated equation again (slightly modified):

A [t [P~ 2y,
—Apun + gn(T)up = 27 + MTJLV)\ 1+ |un7|'7,p71 + fn (14)
Notice that N
NW < gn(x). (15)

Now, fix £ > 0 and choose ¢ = Gj(uy) as a test function in (14)(See the Notation
section for the definition of G(s)). We have:

A _
[ 16w+ [ (@Gt < [ o sl G [ 186wl

Using (15),(13) and the fact that sG(s) > 0 we obtain:

p gn () p—1
| 16w+ | (@l Gatun)] < [ 2P Gu )M [ ()]Gl

Simplifying: 2
Uy |PT

[ @Gl (Jual1 = 2=y <) <0

Choose k > 0 such that k(1 — ﬁ) > M, for that k we must have

|G (un)| =0

©



Which is to say that ||u,| < k. On the other hand, choosing ¢ = u, as a test
function in (14):

A
Dunpg/iunp"’_/ nUn|-
JL1pel < [ o ammlel + [ )

Using Hardy’s and Holder’s inequalities:

A
(1-5) [ 10w <11, el

We conclude that u, is bounded in W (€2) N L>(£2), hence up to a subsequence
Uy — u in W(l)’p(ﬂ). Arguing as in the proof of theorem 3, we can pass the limit in
(14), hence u € W P(Q) N L(Q) is a weak solution. O

Remark 6. Notice that if p > 2, the argument in the proof the theorem / fails and we
believe it’s possible that unbounded solutions may exist even with the strong restriction
(13).

Remark 7. We could increase the difficulty of the problem treated in this section if
we had added a term of the form g(z)u’~'u, the problem would still be solvable but
considerably more difficult since the 8 would interact with the p in the estimates leading
to existence estimates depending on different values of 0 and p. We plan to address
this question in future works.

Remark 8. The case p =1 remains challenging, that is, existence and regularity for
the solution of the following problem:

div (Du) +g(x)u A u + f,

|Du R

where f € LY(Q). We can’t use Hardy’s inequality, at least, not in its usual form. See
Chata and Petitta (2024) for a related problem.
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