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ABSTRACT. Let X/C be a general product of elliptic curves. Our goal
is to establish the Hodge-D-conjecture for X. We accomplish this when
dim X < 5. For dim X > 6, we reduce the conjecture to a matrix rank
condition that is amenable to computer calculation.
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1. INTRODUCTION

Let X/C be a smooth projective variety of dimension n, and CH*(X,m)
the higher Chow group as defined in [B]. Our primary interest here are the
K, classes CH¥(X,1). It is well known that a class ¢ € CH*(X,1), can be
represented in the form,

N N
€= (fi.Dy), D;irreducible, cdxD; = k—1, f; € C(D;)*, > divp,(f;) =0,
=1 =1

CH’“(X , 1) being the group of all such cycles, modulo the image of the Tame
symbol. If we were to drop the condition ZZ]L divp,(f;) = 0, then £ would be
called a precycle. For any such precycle &, and real C* test form w of Hodge
type (n —k+1,n—k+ 1) on X, one has the integral calculation,

N
Z/ log | fi|lw € R.
i=1 7 Di

Working on the level of cycle classes, there is the induced real regulator map,
(1) re1t CHM(X, 1) @z R — HY "1 X R(k — 1))
~ {ankJrl,nkarl(X, R(n —k + 1))}\/’

N
ke 1
0 € I R — k1), (€)= Gy 3 | losl Al
i=1 Y Di

In his attempt to put a rational structure on real Deligne cohomology, Beilinson
once conjectured that 7y ; is surjective!, where X/C is viewed as a real variety
via X — Sp(C) — Sp(R). That is now known to be false (see [MS], [C-L2],
[C-L3]). Having said this, and to his credit, if X/C is obtained via base
change from a smooth projective variety defined over a number field, then
his conjecture for such X is probably true. On the other hand, there are

interesting cases where the conjecture is true, such as for general Abelian and
K3 surfaces [C-L1].

The goal of this paper is to prove the Hodge-D-conjecture, viz., the surjec-
tivity of 74 in (1), for X a product of elliptic curves. Given the degeneration
techniques of this paper, we first had to settle for general products of ellip-
tic curves. The word “general” should be interpreted in the following sense.
As the integral regulator to integral Deligne cohomology is holomorphic in a
suitable sense, the real regulator is real analytic. There is the real analytic
Zariski topology, where general refers to belonging to a real analytic open sub-
set governed by certain generic properties. This should be compared to very
general, which involves the complement of a countable union of proper real

IThe conjecture is obviously true when k = 1.
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analytic subvarieties. Secondly, we verify the Hodge-D-conjecture for n < 4;
the situation n < 3 also following from [C-L1|. One can argue that the case
n = 5 already follows from the case n < 4. For higher dimensions, the situa-
tion is much more amenable to numerical calculation. To this end, we set up
everything for future computer computation.

Now for the road map of the paper.

1.) Our first step is to reduce to the case dim X = 2n, viz., X = E; X -+ X
FEs,, k =n+ 1, and consider the map:
(2)
g CHTHX, D) @R — {H' (B, R) @ -+ ® H'(Eay, R)(n) } [ | H™"(X).

The anticipated surjectivity of 7,411 in (2) will be referred to as the primitive
Hodge-D-conjecture.

2.) The right hand side of (2) has real dimension (*"). Next, we come up
with a list of candidate precycles, whose regulator values likely generate the
right hand side of (2), for X general. This requires some explanation. In
order to determine that a given precycle is nonzero for general X, we first
degenerate to {yj2 = x?; j =1,...,2n}. This degeneration process turns out

to be a two step process, carefully explained in [GL|. Then (2;‘) precycle
generators can be calculated by hand in the cases n = 1,2. For n > 2, we need
the aforementioned aid of a computer.

3.) Suppose we are given a precycle as in 2.), of the form say (f, D), where
cdxD = n and f € C(D)*, such that under degeneration as in 2.), the regu-
lator value is nonzero. We construct another precycle (g, Z) say such that

(a) the regulator value of (g, Z) degenerates to zero,

(b) if we put & := (f,D) — (9, Z), then div(¢) is a linear combination of
“horizontal and vertical cycles”. The precise meaning of this will be explained
in the body of this text, but the point is that £ can be completed to a K class
& € CH™(X, 1), for which the regulator values of ¢ and & coincide on test
forms. The main results are given in Theorems 5.1 and 6.3.

We now draw the reader’s attention to the earlier paper [GL]. One of the ap-
pealing aspects of [GL] is an explicit description of indecomposable K; classes
in terms of defining equations, on a general surface F; x Ey and fourfold
Ey X Ey x E3 x E4. The problem is that in the case of a surface (and most
likely the fourfold case), the K; class turned out instead to be decomposablé?,
contrary to what was claimed in [GL|. The first author is grateful to M. Saito
for pointing this out. This is explained in Addendum 4.1. In the case of a
surface, there is a simple remedy. One simply chooses a precycle (f, D) on
X = E)| X E,, such that it’s regulator value on test forms is nonzero, and for

2See Definition 6.4 for the meaning of (in)decomposable K; classes.
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which divp(f) involves the torsion points on E;. The details are explained in
[T]. This argument, however, does not extend to fourfolds - hence the current
paper. Another point worth mentioning is that the precycles introduced in
this paper for the surface and fourfold cases, are very similar to those in [GL].
As a consequence, the limit type arguments in [GL] extend to our situation.
Having said this, there are new details in this paper warranted to deal with
this new choice of precycles. Finally, [GL] was only focused on the nontrivi-
ality of 7,411, for general surfaces and fourfolds. Our goals in this paper go
much beyond this.

2. NOTATION

Much of the terminology has already been introduced in the introduction.
The reader may wish to consult [GL] for additional information. Other than
that, there is the Tate twist: Let A C R be a subring. The Tate twist is given
by A(r) = (2mi)"A. Tt is the trivial A-Hodge structure of weight —2r and pure
Hodge type (-7, —7).

3. REDUCTION TO A SPECIAL CASE

Proposition 3.1. Let X = E; X --- X Ey be a product of elliptic curves, and
consider the real requlator

rr1 s CHY (X, 1) @z R — HFVFHX R(k — 1)).

Then 111 15 surjective iff for all 2 < € < k, with 1 < 43 < -+ < g9 < N,
71 CH(Ejy x - x By, ), 1) @R = {H(E;,,R)®---® H'(E,,, ,,R)({ —
DINHY Y (B, x - x By, ,,R({— 1)) is surjective.

20—2)

Proof. The proof, which uses the functoriality of r, ; and the Kiinneth formula,
is left to the reader. It is also proven in [Ma]. O

The import of Proposition 3.1 is that the Hodge-D-conjecture for a general
product of elliptic curves reduces to the primitive Hodge-D-conjecture, viz.,
the surjectivity of r,41; in (2), for all n > 1.

The reader may find that the style of writing this paper may be somewhat
cavalier - more like a stream of conciousness. There is good reason for this.
First, the deformation details have already been worked out carefully in [GL].
Second, we know where to look for problems. See Addendum 4.1 below. Fi-
nally, additional details will also appear in [Ma]. The reader will be reminded
of this periodically.
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4. THE SURFACE CASE X = F; X Fy

Write 2 = hj(x;), hj(z;) = 3 +bja; +¢;. Let fi = aizy +1, fo = aizy +1,
D = V(zyz2 + y1y2) N X. Note that log|f;| = logl = 0 on V(zy25). For
general X, D is a smooth and irreducible curve [GL]. Let po, € E; be the
point at infinity. When ¢; = 0, we arrive at on D:

T129(27 4 b)) (25 + by) = hi(21)ha(2) = yiys = 2123,

One then has

D ={E) X Poo +Poc X B2} + D/,
and that on D’ we have

(@7 +b1) (25 + be) = 122 = —y1y2.
Further, if b; = 0, then

D' ={E; X pso + poo X Ea} + D",
where on D",

Ty =1, Y1ya = —1.

Note that D" is rational. Next, consider the holomorphic 1-form w; on smooth
E;, given by

dx
Wj = —J.
Yj

Set
Wy ::wl/\wg+wl/\w2, w_ I:i(wl/\wg—wl/\WQ).

/ log |filws.
D

under degeneration to y7 = «3. This becomes:

/ lOg ’fio|wj:7

We consider

where on D":

fi=o1+1, fi =21 +1, Wi:_

where dA = dRe(z1) A dlm(z). Let H = {z € C | Im(z) > 0} be the upper
half plane in C, and H, = {z € C | Re(z) > 0}. And let’s compute:

21w o, 0 . Im(z
/,, log | /1l =/Clog|f1 s =—4/Clog|a:1+1| |$(1‘;>d14

= —4/ log
H

$1+1
T, +1

Im(zy)

dA <0,

|l“1|
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using
T+ i

Tl +1
Note that for z € C*, |z|/|Z| = 1. Hence

| toglszls =~ [ 1og
17 H
Re(z1)

/ log]f§|w°:/10g|f2°|w°:4/log|x1—i—1|—dA
1/ C C

|5L“1|3

> 1< Im(x;) > 0.

x1+ 1 |Im(z)

dA = 0.
(1 +1)| |z

Similarly,

r1+1 |Re(zy)

=4 lo dA >0,
/’H+ & -7+ 1 |ZL’1|3
using
1+ 1
—— | >1& R > 0.
-7+ 1 ‘ e(xl)
Finally,
i [R
/ log [ f7]w? =4/ log| -2~ e<x§)dA:0.
" Hy =Ty +i| |21

By degeneration arguments in [GL], we therefore deduce that for general X,

Jploglfilws  [plog|filw-
(3) det # 0.

fplog |f2|W+ fDIOg |f2’w—

The goal now is to extend (f;, D) to K classes on X, without compromising
the nonzero calculation in (3). Let us work with say (fi, D), and put Z; =

V(AI)NX, Zy =V (fo) N X, g1 = 2129 + y1y2 = go. Clearly (fi, D) — (g, Zi)
is a step in the right direction. Let us show e.g. that

/ log |g1|wy — 0, as E; — {y]2 = $§)}
Zy

Under degeneration, we have x5 = —i/xz}, and y7 = 7. Taking differentials
we have o 9
dl’g = —;dIl = —;dl’l
1 Y1
Hence p p p y
T T —2idxy Ndx —2i
—1 A _—2 = _12_ ! = 4y1y22 dl’l N dfl
i Y Y1717 |y1]*[y2]
Then
—2iRe(y1y2) _ 4Re(y112)

wo = —— IR gy A dy

dA = 4Re dA.
PATIE (v132)

B ’y1|4’y2|2
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Consider parameterizations for F;:
(z1,91) = (,8),  (22,2) = (u*,u”).
Then
—i = glwy = t"® = tPu = +v/—i, tu = j:\/?i/t, & u = j:\/?i/t2,
and therefore
s i +iy—i iy

A F3 /1416
t s =+t/[t]

Y1Y2

where t = \/—it. Next,

1 —1
o = b+ gl = P+ 240 = [P0+ ] = 1 \
1 1

Now write t = re?. Then

2
|1+t = (147 £ 2rcosf = (1+7’2)(1i 2ilcosé)).
T

Calculating w] is easy:

o t4Re(t?)

+4 cos(30)
W _

2

rdrdf = drd0.

r6 r
Note that by periodicity,
2 +4
/ 0028(39)d0 _o,
0 r

and therefore,

2
/ log{(1+r2)(1i 2r cosQ)}MdO
0

r2+1 72
2m 2 +4 cos(36
—/ log(l + — ! cos@) ﬂd&
0 r2 41 72

2m 2r cos(360)
= :I:él{/O log(l + o Cos@) 2 do

2m 2r cos(30)
+/0 10g<1 ~Er cos@) Td@] :
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Now taking Taylor series of the log function®, this all amounts to the calcula-
tion of

(4) (14 (=1)™) /0 " cos(30) cos™ (8)db,

for m > 1. The latter integral amounts to the third Fourier coefficient of
cos™f. By a residue calculation?, all such coefficients are zero for m even,
and for m odd, the expression in (4) vanishes. Finally, by Fubini’s theorem, it
follows that
g log |g1|wy = 0, as E; — {y = 27},
1
Likewise, it is also the case that

Z1

and that
/ log |go|ws — 0, as E; — {y]2 = $§)}
Zs

Our next step to to complete the precycles & := (f;, D) — (i, Z;) to K; classes
&, on a general such X. Let’s complete say &;. Towards this goal, we consider
homogeneous coordinates ([29, 21, 22], [Wo, w1, ws]) € P? x P? — P¥ (Segre),
with (x1,y1) = (21/20, 22/20) and (x2,y2) = (w1 /wo, we/wp). Then, in Segre
coordinates,

22wywo + 123w3

D:V(Zl'lUl“‘ZQwQ)va flz 2 9 )
2 Wo

) Z1W1 + ZoW
7y C V(Z2wiwy +iz2wd) N X, g = it Bty

ZoWo
Then
divp(fy) = V(Zwiwy + iziwd) "D — V(z2wd) N D,
diVZl (gl) = V<le1 + Z2w2) N Zl - V(Zowo) N Zl.
Hence

diVD(fl) — diVZ1 (91) = V(Zo’wo) N Zl — V(zgwg) NnD
= V(Zo) N Zl + V(U)O) N Z1 — 2V(Zg) nND — 2V(w0) NnD
The situation is now very similar to the situation in §2.3 of [GL], to complete

divp(f1) —divz, (g1) to a K class &, on X, using horizontal and vertical curves
of the form E; x {q}, {p} x E,, and nonzero rational functions on Ej, FE,

3And observing that 2+1 < 1for r # 1.
4 0 " cos(36) cos™(0)df = Ji= (Z 2 )(
of (#) (2t )m But (Z+Z )m =Y (?)%zjz_(’”_j). So we must solve 2j —m =+

3=0=m=2j+3is odd.

)m %. This amounts to the constant term
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respectively. The details are left to the reader. They also will appear in [Ma).
Note that H'(F;) ® H'(F,) pullsback to zero on these horizontal and vertical
curves.

Corollary 4.1. The Hodge-D-conjecture holds for general X .
Remark 4.2. Corollary 4.1 also follows from theorem 8.1 in [C-L1].

4.1. Addendum: Where things can go wrong. We point out the error in
[GL]. The precycle in question regarding the surface X = F; x E, was given
by (z1 + 1, D). There are two degeneration arguments in §2 (op. cit.), the
second of which involves a product Ey x Ej, where E; : y} = a? + b;x;. If
t = (b1, bs), then our corresponding D is given by E; x Es NV (z122 + y192)-
This led to a description of D; on F; X Ey involving (page 554, op. cit),

1’%35% = y%y% = z122(x] 4 b1)(23 + b).

Naturally, we could bleed off a factor z1x5 (i.e. a curve Ey x(0,0)+4(0,0) x E»),
because for smooth Ej;, our real 2-form w pulls back to zero on this. What’s
left however is the second family

>:=JD,

teu
where D; is defined by the equation
z129 = (25 + by) (25 + ba).
But when ¢ = 0 (i.e. (by,be) = (0,0)), we arrive at z;25 = zx3, hence
Dy =D"+E x(0,0)+(0,0) x E,

-

multiplicity 1

i.e. we must consider the case x1xo = 0 as well. But since at t = 0, the real
2-form w acquires singularities, it is no longer the case that we can ignore the
factor E x (0,0) 4+ (0,0) x E. In fact, the integral of log|z; + ilw over this
factor E x (0,0) + (0,0) x E is the negative of the value of the integral of
log |21 + i|w over D”. Further, a standard a localization argument (suggested
by M. Saito, given below) shows that our precycle (x; + i, D) completes to a
decomposable cycle. There appears to be a natural remedy to this. Instead of
using log |z; + i, try log|z?zy + i|. Then regarding the equation
JI%LL’% = 19,
it is clear that

lOg‘iL'l —|—1‘ if T1X9 = 1

log |x2xy + 1| = )
g 1wz +1l {logle if z129 =0
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This issue now is to extend (f, D) to a K; cycle, where f = x3x5+1, and a simi-
lar situation for the fourfold case, with log |z;23—1| replaced by log |x2zez3x,—
1|. This, and much more, is the import of the present paper.

Saito’s comments, which rely on a careful perusal of [GL], are inspired by a
construction of Nori, and explained in a paper of Schoen. It is based on the
following observation. Let f : X — S be a smooth proper morphism of smooth
varieties over k such that dim S = 1. Let £ € CHP(X, 1). By the localization
sequence, it is decomposable if its restriction £x to the generic fiber Xx of f
vanishes, where K = k(5). If {x is decomposable in CH?(Xk, 1), and is of
the form ¢’ ® g with ¢ € CHP"'(X) and g € K, then a multiple of & vanishes
if it’s pull-back to the geometric generic fiber Xz vanishes. This argument
applies to the cycle construction in §2.3 of [GL|, where f is the first projection
and ¢ = [D] — 3[E; x {o0}].

5. THE FOURFOLD CASE X = E| X Fy x F3 X E,

We start off with E; = V(y; — hy(z;)), hj(x;) = 23 + bjz; + ¢;, and D =
D1 XDQ, D1 = V(l’lx2+y1y2)mE1 XEQ, D2 = V(l’gl’4+y3y4>ﬁE3 XE4. We first
set fi = ziwox3xy — 1. Observe that log|fi| = 0 whenever zyz9z374 = 0. One
has the forms wy +, wo 4 living on Dy, Dy respectively. Set wy 4 = wy 4 Awa +
on D. Likewise one has D" := D! x DJ where z129 = 1 = —yy, on D7,
and z3z4 = 1 = —ysyy on DJ. Correspondingly, at {yj2 = x?}, one has
wi i = wiy Awyy on D", Using the degeneration techniques in [GL], one
shows that

/ log |fulwss > [ log |/l
D D//

where f? = x1x3 — 1 on D”. And so we first calculate,
[ toslsiles
which amounts to the calculation,

Tm(z,)1
/ log [y — 1| S0EVITS) Jo e A dm A ds A d),
C2

[z129 %

= / log
CxH

_ [ £ s~ D ity

(fll’g - 1)(I1T3 - 1)
(x123 — 1)(T17T3 — 1)

(T2 — 1) (2173 — 1)

av

riry — 1 ‘ Im(zq)Im(z3)

fl.fg —1 |l’1$2|3

av > 0,

|z179[?
since
(.Tlxg — 1)(%1?3 — 1) 2

|
8 (51173 — 1)(.1'1?3 — 1)

> 1

‘>O<:>

< Im(zq)Im(z3) > 0.
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Our next step is to extend the precycle & := (f1, D) to a K, class &, on X.

As in the surface case, and towards this goal, we put g, = x1x2 + y192, and set
Zl - V( 2 2

1, z324 + ys3ya) N X.
We want to show that

/ log |g1|ws 4+ + 0, as Ej — {yj2 = x;’}
Z1

Recall that w; 4 = wi + Aws 4, and by the definition of Z;,

PE )dAg, where dA; = (i/2)dxs A dZs.
T3

For w; ; we need more relations from Z;. Namely z3zyx3x, = 1, with in the
limit, w324 = 1 = —ysys. Hence x3zox3 = 1. Taking differentials, we arrive at:

2x1x0x3dr1 + i[)%%gdxg = 0 mod dz3,
hence

2x9dry + x1dxre = 0 mod dxg, = dxy = (—2x5/21)dr =

—2
dxy.
173 .
Now recall
dr, dzs dz,  dxs
Wit = —N— —-— N—,
Y1 Yo Y1 Y2
and modulo dxs, dzs,
= Tm(A)dA,, (dA, = %dml A dT),
where,
—4y1y213 Y1Y2T3
A= .Set A\g = —A/4 =
PP 5 N0 = Y

’Z/l ‘413/2‘2’1'3’2 '
The calculation of

/ log |g1|wy + as Bj = {y; = 27},
Al
amounts to a Fubini integral calculation of the form:

x
/ ( / log |25 + y1y2|2lm(A0)dA1)Im(—33) dA,.
c\Jc |73

We now consider parameterizations for {y? = 23}

(x17y1) - (t27t3)7 (x27y2) = <u27u3)7 ($37?J3) = (U27U3>‘
(No need for parametrizing (z4,y4).) Now with respect to these parameteri-
zations,
t3udv? 9 4.9 9 +1

AO:W’ 1:x1x2x3:tuv s iu:%,
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1+1/(tv) to+1
T1T9 + y1ye = U + 59U = 2P (1 + tu) = o S e

We also have
Ao =+ modulo powers of |¢|, |v],

and correspondingly,
|z129 + y13]? = |1 £ to]?.

Now consider polar coordinates, viz., t = re!t and v = e, r; = |t| and
ro = |v|. Then dA; = ridridby, dAy = radradfy. Our preoccupation will
concern integrating with respect to #,. Then:

Ao = 27100402 - — Ti(Ag) = +sin(36, + 6,).
Further,

|z + y1y2|2 =1+ rroe(@1102) |2 = [1 4+ 77y cos(b + 02)]2 + r%r% sin2(91 +65).

21119 cos(0y + 65)
1+ r3rs ’

= (1 +7%r2) £ 2rirycos(f +60y) =1+

And accordingly,

2 0 0
(5) log |:L’1x2 + y1y2|2 = log (1 + 172 COS( 1+ 2))

2.2
1+ rir;

By applying a Taylor series description of the RHS of (5), the calculation of

/Zl log g1 |wy 4 as Bj = {y] = 27},
rests on the calculation of
(6) 1+ (—1)"] /027T cos™ (61 + 63) sin(36; + 65)db;
Now using

sin(360; + 63) = sin(3[0; + O2] — 265)

= sin(3[0; + 63]) cos(20,) — cos(3[6; + 62]) sin(263),

together with cos /sin = even/odd, periodicity, plus arguments in the surface
case, we deduce that the integral in (6) is zero. Therefore we conclude that

/ log |g1|ws 4 + 0, as Ej — {y5 = a7}
A
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5.1. A K; class on X. We wish to extend the precycle (fi, D) on a general
X, toa K class on X. As a first step in this direction, we consider completing
& = (f1i,D) — (¢1,21) to a K class &. To analyze this further, we consider
projective coordinates:

([t()u t17t2]7 [Uo, Uur, UQ], [U()) U1, U2]7 [w07w17 w?]) € IPJ2 X IP)2 X P2 X P2-
with corresponding affine coordinates:

(z1,91) = (t1/to, t2/t0),  (%2,92) = (u1/uo, uz/uo),

(w3,3) = (v1/v0,v2/v0), (T4,ys) = (w1 /wo, wa/wy).
Then D is given by V(tjuy + tous, viw; + vewy) N X. Likewise, Z; =
V(g1) N{E1 x Ey x Do}. Furthermore, in Segre coordinates,

2 2 2,22, 2
_ tuugviwywe — trugugwy _ tyugtoug + taustouo

h

) g1

2.2.2 9 2.2
LyugUWo Loug

Then div(§;) is supported on

We refer to these as “horizontal and vertical cycles”. This situation now of
extending &; to & is very similar to that on page 562 of [GL|, and will be left
to the reader. This will also appear in [Ma].

5.2. Hodge-D-conjecture for general such X. We have now constructed
a K class £, on X, by showing that r31(&;)(ws +) # 0. This was accomplished
by first showing that

[ teslsiies , #0.

This amounted to the calculation

/ log
7_[2

where we observed that
([Ell’g — 1)(51?3 — ]_)
(511’3 - 1)(%153 - 1)

dV >0,

(123 — 1)(T173 — 1) ‘Im(xl)lm(:tg)

(flfg, — 1)(1‘153 — 1) |ZL‘1£C3|3

> 1 < Im(x)Im(zs) > 0.

To accomplish our goals in this section, it will first be necessary to calculate

[ togirilet o [ togliiles [ ol
D D! D"

One can the easily show that, regarding

/ log | 2] .
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this is reduced to calculating

(7) /H . log (Ill'g — ].)(Tlfg + 1) ‘Re(ml)lm(xg)

(T1xg + 1) (2173 — 1)
for the following reason. One shows that
(x123 — 1)(T173 + 1)
(T1x3 + 1)(x17T3 — 1)

< Re(zq)Im(z3) > 0on H x H,.

One then writes H X H, = Q4 U Q_ in terms of Q, : Re(zy)Im(z3) > 0
and Q_ : Re(x;)Im(z3) < 0. The integral in (7) can be broken into a sum of
integrals over €2, and 2_. Applying a change of variables formula, the sum of
these integrals is zero. Similar story regarding

/ log | f2|S._,

i.e., one is led to a zero limit calculation® . As for

/ log | £7]w°

this reduces to the calculation

/H log (x125 — 1)(T175 — 1) ‘Re(IﬂRe(x?))

i (-flxg — 1)(—$1f3 — 1)

dv =0,

|$1$3P

’ > 1 < Im(z;)Im(z3)Re(7;)Re(x3) > 0 on C?

dv <0,

|z179[?

since
(33'1$3 — 1)(5153 — 1)

’(—zlxg —1)(—a1Ts — 1)

‘ <1< Re(x1)Re(xs) > 0.

Recall that
de
wj = —=,
Yj

and now set
M4+ = w1 Awr AWz AWy + w1 Awa Awz A wy
M- =i(w1 Aws AW AWy — W1 AW A ws A wy)
Mo+ = w1 Awg ANWa AWy + Wi Awg A ws A wy
Mo =i(wi Aws Ao AWs — w1 AWs Aws A wy)
N34+ = w1 Awg ANWa AWz + w1 Awg Aws A ws
M3— = i(w1 Awy AWy ANws — W1 Ay Aws Aws)

5The vanishing of these two integrals can also be easily established using the techniques
in §6.
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p» = 0. Note that

Notice that n; 4
4
dime {H'(E1,C) ® --- ® H'(E,,C)} N H**(X) = ( ) =6,

and that a real basis for
{H'(E\,R)®---®@ H'(E(,R)} N H**(X),

is given by either {wy 4+, m o} or {n;+,j =1,2,3}. We seek to express {n;+}
in terms of wy 4 and 7; +. An explicit calculation gives:

Wit = —T24+ N34 W—— = Noq + M3y
Wh— = =M= — M3— ; W_ 4 =T+ T3
Correspondingly,
Wo - — Wi Wi, - + Wy
M+ = St T 42—w_,_ N3,— = ot b ; e

First, we observe that after degeneration to {y]2 = x?}, and up to twist,

(r31(€0) (m14),73,1(E0) (=), 73,2 (€0) (w4 ), 73,1 (€0) (o =), 73.1(€)) (Wi —),
(8) r31(&)(w-4)) — (0,0, [+],[-],0,0),

where [+] > 0 and [-] < 0. Furthermore, the reader can easily check, using the
change of variables formula, that [4+]4[—1] = 0. Then again after degeneration
to {y7 = 23}, and for some * # 0 € R,

(7"3,1(51)(771,+), 7”3,1(51)(771,7)7 7’3,1(51)(772,+), 7"3,1(51)(772,7% 7“3,1(51)(773,+)7

(9) r31(&)(ms—)) — (0,0,%,0,0,0).

Now let’s recall that the Ki-class &, originated from the precycle (fi, D), where
D = D1 X DQ, D1 C E1 X EQ, D2 C E3 X E4, and f1 = ZL’%(L’Q!E%CL’A; —1. Now with
the same D, let fo = z2zoxizs—i ©. Then the precycle (fs, D) likewise extends
to a K, class & on X. The corresponding values to that of (8), and of (9)
with [£], % # 0 in different slots. Next, consider the same type of arrangement
D = D, x D,, where D; C E; x E5 and D, C Ey x E;. We then consider
K, classes &5, €, arising from the precycles (fs, D), (f4, D) respectively, where
f3 = x?z32374 — 1 and fy = 22xswi7r, —i. Finally, consider D = D xD,,

where D C Ep X E3, D, C Ey x Ey, and with precycles (fs, ) (f6, ) Wlth
fs = vwsxir, — 1 and fg = vwsriz, —i, and corresponding K classes &5, &.
The ambitious reader can check that the corresponding regulator values with
respect to the basis {71} limit to the same as in (9), with * in a different

6Same story if instead we use f = 2x9x374 + i. But let’s not.



16 JAMES D. LEWIS, KARIM MANSOUR, AND GENIVAL DA SILVA JR

slot. In particular, regulator values with respect to the basis {n; +} limit to a
nonsingular 6 x 6 matrix. This is corroborated with the results in Appendix

7.

Theorem 5.1. For general X, {7“371(@); j=1,...,6} is an independent set
in H**(X,R(2)). Indeed the Hodge-D-conjecture holds for X .

6. THE GENERAL CASE

We now consider the situation of general X = F; x --- X Ey. According
to Proposition 3.1, we may assume that N = 2n is even and show that the
regulator,

(10)
s CHPHX D) @R — {HY(ELR)®- @ H' (Ey, R) (n+1) } | H™™(X),

is surjective. One can show that the real dimension of the RHS of (10) is (27’;

To grease the skids, we’ll start with a specific case situation. Let (x;, y]) be
affine coordinates of E; with y] = hj(z;). We start off with D = Dy x -+ x
Dn - X, where Dz = V(xgi_ll'gi -+ yQi—lyZi) N E2i—1 X EQZ‘, 1= 1, Loy n. We
put fi = xiwoxizy -+ - a3, 1xe, — 1. Further, let w = w4 A+ Aw, . Now

under degeneration to y; = z7,

[ 1oglilo s [ toglsife
D D//

" " " "
where D" = Dl X X Dn7 To;i—1T9; = 1= —Y2;—1Y2; ON Di?
(e}
Ji=mmw3 291 — 1,
and

I I el n—
WO =Wl A AW, = m(z)Im(zs) m(Tn1)

dv,

’$1$3 e ‘I2n71|3
where dV, up to multiplicative constant, is given by,
dV = dAl VANRRIVAY dAn, dAz = dRe(in_l) VAN dlm(l’gi_l).

Now write zq;_ 1 = r;el?.

calculation of the form,

27 27 91+ +6n) _
/ / / / log | (1 1\ (Hsn9>d1 ..g&n

Note that
|[(ry -y ) @O H0n) 1‘2 = (1= (ry---rp)cos(fy + -+ Qn))2
+(ry o) sin® (0 + -+ 0,).
=1+ (r1--m0)%) — 2ry---rpcos(fy + -+ 6,,).

The integral [, log|ff|w® amounts to a Fubini
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Observe that

2w 27r1
[ L) e o
rye-dry,

Thus, the integral in (11) takes the form,

- - (r1-++7rn) cos(61+ +0n)
/ / /2 /2 log (1 — ==y Hsme oo,
LT d ry e dry,

which is easily seen to be finite dimensional. For this reason we can forego
integration with respect to dry - - - dr,, and accordingly study the nature of the
integral,

o log 2(ry-- 'rn)(cos(Gl—;-2 +0n n
1+(r1-rn .
12 sind; |do; ---db,,.
[ i ([T

Taking the Taylor series of log(1 4 z), this amounts to studying,

2w 2 n
(13) / / cos™(0; + -+ 6,) (Hsin@-)d@l---d@n, m > 1.
0 0 Pl

When n = 1, the integral in (13) is zero. This is the surface case, and it
is entirely consistent with the results in §4. If we instead were to set f =
393wy -+ X3 To, — 1, then the situation in the case n = 1 would be very
different. Let’s examine the case n = 2, viz., X a fourfold. In this case (13)
becomes,

2w 2
(14) / / cos™ (6 + 03) sin 0y sin Odb, dbs.
0
Next, applying the binomial formula to
cos™ (6, + 03) = (cos 0, cos 05 — sin 0 sin 92)m,
the integral in (14) is reduced to the calculation of

/ / cos 0 cos 92) (sin 0, sin 92)£+1d01d92, 0<?t<m,

which in turn is the same as

2 2
(15) (—1)* (/ cos™ * fsin’t! 9d9) :
0

If ¢ = 2k is even, then the integrand in (15) becomes

cos™ (1 — cos® H)F sin b,
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and the integral in (15) is then zero. We therefore need to show that there
are odd ¢ and m, such that the integral in (15) is nonzero. That’s easy; just
choose m = ¢ = 1. Consequently, it follows from this that in the case n = 2,

/ log | f7|w® # 0,
that we already showed in §5 by different means. Now suppose instead, we set

2 2 :
fo=xiz0 - 25, T2y, — 1.

Then the corresponding integral to that in (13) above becomes

2 27 n
(16) / / sin™ (0 + -+ -+ 0,) (Hsin9i>d91---d9n, m > 1.
0 0 i1

We consider the following

Statement 6.1. In each of the integrals in (13) and (16), the sign does not
depend on m > 1. Moreover:

(i) Regarding (13), it vanishes when n is odd. For n even, there is an m for
which it doesn’t vanish.

(i) Regarding (16), it vanishes when n is even. For n odd, there is an m
for which it doesn’t vanish.

By a brute force calculation in the case n = 3, it easily follows that State-
ment 6.1 holds for n = 1,2,3. The details will appear in [Ma].

Proposition 6.2. If Statement 6.1 holds for all n > 1, then the image of the
requlator in (10) is nonzero.

Proof. Consider precycles (f1, D), (f2, D) and put

Z1:V(f1)m{E1XE2}XD2X-"XDn,

ZQZV(fQ)m{E1XEQ}XD2X"'XDn.

g1 = g2 = X122 + Y1Y2.
Then it is easy to show that & := (f;, D) — (¢;, Z;) is a linear combination of

horizontal and vertical cycles. One can then complete & to a K class &; on
X, without affecting the integrals in question. Finally, one shows that

/ log |gilw +— 0, as Ej — {yj2 = x?},
ZA

7

involving a direct generalization of a similar argument in §5. The rest is
clear. 0
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6.1. Hodge-D-conjecture. We return to the subject title of this paper. Let
X =F; x---x E,,. It is clear that

dim@{H”’"(X)ﬂ {H'Y(E;,C)® - ®H1(E2n,<(2)}} = (2">

n

It is also the case that

dimR{H”’”(X) M{EER)®- Hl(EQn,R)}} - (2”>

n

This will be made implicitly clear from what follows. Let
P(k,n)={1<ip <---<i <n}C{l,..,n}

We are interested in ®(n, 2n), where we observe that |®(n,2n)| = (*"). For a
given I € ®(n,2n), there is a unique J € ®(n, 2n) such that JUJ = {1, ..., 2n}.
Recall the holomorphic 1-forms {wy, ..., ws, }. Then w; Aw; is a complex (n,n)
form on X. Let’s put

Ny =wr\Nwy+wr ANwy,

n— :i(w]/\wJ—w[/\WJ).

Note that if we place wy A @W; by w; A Wy, then up to sign, we get the

same 7. Translated, one can find N = %(27?) complex (n,n) forms by

this process, such that correspondingly, there is a real basis {m +,....,nn+}
of H""(X)N{H"(E1,R) ®--- ® H'(F2,,R) }. Next, we work with precycles.
Just like (f1,D), (f2, D), D = Dy x --- x D,,, we can also consider shuf-
fling the variables {x1,...,22,}. Thus for example, {1,....2n} = {iy, ..., 2.},
fi=alay, al,  x,, —1, fo=alx,-al  x,, —1, D=D; x---xD

ion—
D;; C E;,, , X E;,;, suitably interpreted so that D C X. We can construct a
matrix =, with (27?) rows, defined by integration,

in)

/loglfj\ni, j=1,2.
D

As we learned, each of these precycles can be naturally extended to K classes
on X. Now as F; degenerates to {y]2 = x?}, = limits to =° say. We deduce:

Theorem 6.3. If rank =Z° = (2:), then the primitive Hodge-D-conjecture holds
for general X. Namely,

s CHHY(X1)@R = {H' (B, R)®- - -@H" (B2, R)(n) } [ H™"(X, R(n)),

18 surjective.
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6.2. Applications to indecomposable K;.

Definition 6.4. A class {¢} € CH*(X,1) is said to be decomposable if one
can choose & = Z;vzl(cj,Zj), where ¢; € C* C C(Z;)*. The subgroup of
decomposables is denoted by CH,.(X,1). The group of indecomposables is
given by CH® (X,1):= CH*(X,1)/CH" (X, 1).

Corollary 6.5. Let us assume that the regulator in (10) is nonzero, for very
general X := Ky X -+ X Ey,, n > 2. Further, letY = Fy X -+ X Fa,_1. Then

CHY (Y, 1) is uncountable. This is the case when n = 2,3.

ind
Proof. The proof actually is given in [GL] for n = 2. The same story if n > 3,
using the same ideas, and which relies heavily on [Lew]. O

7. APPENDIX: COMPUTER VERIFICATION OF THE HODGE-D-CONJECTURE

In this appendix we provide a computer verification of the Hodge-D conjec-
ture for a product of 2n elliptic curves, as described in the previous sections of
this paper. We use MATLAB for the cases n = 1,2 and SAGE for the general
case.

7.1. The case n = 1. In this case the matrix that describes the regulator is
2 x 2. From section 4, we already know that two of the entries are 0. We
compute the other two.

funll = @Q(x,r) log(r."242.xr.*sin(x)+1).xsin(x)./r

fun22 = Q(x,r) log(r."24+2.%r.*xcos(x)+1).xcos(x)./r

all = —4.x(integral2 (funll,0,2%pi,0,1)+integral2 (funll
,0,2%pi,1,10000000))

a22 = 4.x(integral2 (fun22,0,2*xpi,0,1)+integral2 (fun22
,0,2%pi,1,10000000))

The resulting matrix is

(i )

Since this matrix has maximal rank, it follows that the Hodge-D-conjecture
is true for the product of two elliptic curves, as discussed in section 4.

7.2. The case n = 2. The matrix of the regulator is now 6 x 6 (Notice that
(2:) = 6 in this case). Henceforward, we’ll use the 7, 1-base, as defined in
section 5.

Let’s start with D", where z129 = 1 = —y 90 and 2324 = 1 = —y3y, . Since

in this case dzy = —%, we have ny . = 77 _ = 0, and the remaining 7n’s are
1 b b
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given by:

77;7_‘_:0)1/\603/\(;}2/\@44‘@1 /\@3/\0)2/\(,04

dx dz dz dz
= A AT AT A
Y1 Y3 Y2 Ya

dx dx dz y3dT
1/\ 3 ?Jl 1/\y3 3

n Ys3 x% x%
= —yl—yzdl’l A dxl VAN dZL'3 A dlEg +.
yly3$1$3
18
(18) _ Mdl/\djl/\dxg/\df?ﬂr'--
3.3-2
551933551353
|5€1| \xsf?’

———————dx; Adx; Adas AdZs + ...
|21 |42 23| as

= x1x33dx1 A dzy Adzg A dzg —
|171953|
_ —2Re(z123)

[z 232

|9f31903|3

dl‘l AN dfl VAN dIg VAN df3

Similarly, we have:

—21
Ny _ = del A dZy A dxs A dzs
’ |z123/?

n3’+=w1/\w4/\w2/\w3+®1 /\@4/\(.{}2/\(403

_ dl’l /\dl’4/\d_f2/\d_f3+
Y1 Yy Y2 Ys

d d y1dT dz
_ T 3/35173/\2411'1/\ 373+

(1 3 7 Ys
Y1Y3
— _—2d[L'1 A dl’l A d$3 A d$3 +.
yly3i€1$3
19
(19) = %dwl/\d@/\d%/\d@*“
33'15’53371353
|951| |9C3|3

= ——_dxl /\dQ_Zl /\dl’g/\d.fg‘i‘
|ZE1‘4ZE1|I3|4I3

1T
o3 d]fl/\dflfl/\dxg/\dl’g

|57f71953|3 |9C1903|3

2R
= —&i‘g)dl’l VAN dfl AN dIg VAN dfg,
|15

21 T
77;_ = —del VAN d.fl VAN dl’g N di’g
’ 15[

d.Tl AN d$1 VAN dl’g AN dl’g

d.Tl AN d]?l AN dl‘g VAN dfl]g

21
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The following code gives the first two rows of the regulator matrix:

funl3 = Q(x,y,r,s) log((r.xs)."24+1—-2.%r.xs.%xcos(x+y)).*
cos (x+y)./(r.xs);

A=integral2 (Q(r,s)arrayfun(@Q(r,s)integral2 (Q(x,y)funl3(x
,y,r,s),0,2%pi,0,2%xpi),r,s),1.0001,6000,1. 0001 ,6000) ;

B=integral2 (Q(r,s)arrayfun (Q(r,s )1ntegra12(@( ,y) funl3(x
v,r,5),0,2%pi,0,2%pi),r,s),0.0001,.999,0.0001,.999)

al3d = —2.x(B+A)

funl4 = Q(x,y,r,s) log((r.*s8)."24+1—2.%r.xs.*xcos(x+ty)) .x*
sin(x+y)./(r.xs);

, S
(
) 8 )

A=integral2 (Q(r,s)arrayfun(@Q(r,s)integral2 (Q(x,y)funl4d(x
,y,r,s),0,2%pi,0,2%xpi),r,s),1.0001,6000,1. 0001 ,6000) ;
B=integral2 (Q(r,s)arrayfun ( (r,s)lntegraIQ(@( ,y) funl4 (x
y,1,8),0,2%pi,0,2%pi),r,s),0.0001,.999,0.0001,.999);

ald = —2.%(BtA)
fun23 = @Q(x,y,r,s) log((r.xs)."24+1—2.xr.xs.*sin (x+y)) .*
cos (x+y)./(r.xs);

A=integral2 (Q(r,s)arrayfun(Q(r,s)integral2 (Q(x,y)fun23(x
yor.8),0,2%pi 0,2%pi).r,s).1.0001.6000,1.0001,6000) :
B=integral2 (Q(r,s)arrayfun ( (r,s)lntegraIQ(@( ,y) fun23 (x
,y,r,8),0,2%pi,0,2%pi),r,s),0.0001,.999,0.0001,.999);

a23 = —2.x(B+A)
fun24 = Q(x,y,r,s) log((r.*s)."24+1—2.*r.xs.*xsin (x+y)) .*

sin (x+y)./(r.xs);

A=integral2 (Q(r,s)arrayfun (@Q(r,s)integral2 (Q(x,y)fun24 (x
y.r.8).0,2%pi 0,2%pi),r,s).1.0001.6000,1.0001,6000) :
B=integral2 (Q(r,s)arrayfun ( (r,s)lntegraIQ(@( ,y) fun24 (x
,y,r,8),0,2%pi ,0,2%pi),r,s),0.0001,.999,0.0001,.999) ;
a24 = —2.x(B4A)
which translates to
00 167> 0 0 0
00 0 167 0 0
(20) * % x * k%
* % x * k%
* x % ok x
* x X k%

Notice that the degeneration obtained in the cases f3, f4, f5, f¢ are given by
permuting the indices {1,...,6}. Therefore, the other rows of the matrix
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above can be deduced from the first two, giving the following matrix:
0 0 167% 0 0 0

O 0 0 162 0 0
62 0 0 0 0 0
(21) 0 162 0 0 0 0
0O 0 0 0 1612 0
O 0 0 0 0 16n2

Since this matrix has maximal rank, it follows that the Hodge-D-conjecture is
true for the product of four elliptic curves, as discussed in section 5.

7.3. The general case. The non-triviality of the regulator is a consequence
of statement 6.1, which depends on the integrals (13) and (16). The following
SAGE code computes the integral (13) and (16) given n and m:

def int_int (n,m):
sins=1
sums=0
allvar =[]
for i in range(n):
allvar .append(var(’'x %d’ % 1))
sins = sinss*sin(allvar[i])
sums = sums + allvar[i]
#print (sins)
#print ((cos (sums)) 'm)
f=sins*(cos(sums)) 'm
#g=sins *(sin (sums)) ‘m
i0=integral (f, allvar[0], 0,2xpi)
if n>1:
for i in range(n—1):
i0 = integral (i0, allvar[i+1],0,2xpi)
print (i,i0)
#print (i0)
return 10
We've checked both (i) and (ii) from Statement 6.1, when n < 100 and m = 1.
In fact, we have:

Proposition 7.1. If n < 100 and m = 1, then:
a) If n = 2k, the integral 6.1 (i) is (=1)*7" and 0 otherwise.
b) If n = 2k + 1, the integral 6.1 (i) is (—1)k7™ and O otherwise.

Using the 7; + base and the previous discussion, we know it suffices to com-
pute the first two rows of the regulator matrix in order to determine its rank.
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Moreover, each term of the the first row is one of the following type

(22)
00 ) 2m 2m
/ / / / log((rira...1n)? + 1 —2cos(zy + ...+ ,)) cos(dzy £ a9 . . .
0 o Jo 0

00 00 2 2w
/ / / / log((ri7ry...75)* +1—2cos(xy + ...+ x,))sin(Er; £y ..
0 o Jo 0

and each term of the second row is one of the following

(23)
0 0 27 27
/ / / / log((rlrg...'rn)Q—i—1—25111(1:1—|—...—|—a:n))cos(:|:x1:|:x2...
0 o Jo 0

00 00 2 2w
/ / / / log((rirg...7p)% +1 —2sin(ay + ... +x,))sin(fz; £y . ..
0 o Jo 0

The above integrals can be computed using the following code:

n=3
sums=0
prods=1
allvar =[]
for i in range(n):
allvar .append(var(’'x %d’ % 1))
sums = sums + allvar[i]
#sums = sums + (—1)xx(i+1) * allvar/[i]
for i in range(n,2xn):
allvar .append (var('x %> % 1))
prods = prodsxallvar [i]
#print (prods)
#print (cos(sums))
f=log ((prods)**2—2xprods*cos (sums)+1)*(cos(sums) /(prods)

)

#g9=log ((prods)*+2—2«prodsxcos (sums)+1)x(sin (sums)/(prods
))
i0=integral (f, allvar[0], 0,2xpi, algorithm="giac”)
if n>1:
for i in range(n—1):
i0 = integral (10, allvar[i+1],0,2xpi)
print (i0)

+ x,)dA

+ x,)dA

+xz,)dA

+ x,)dA
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Remark 7.2. For large n, the code from this appendiz should take some time
to compile, and needs to be adjusted depending on which term of the requlator
matrix is to be found.

Remark 7.3. MATLAB performs poorly if n >> 0 when compared to SAGE.
On the other hand, for n <5 MATLAB is more accurate for numerical inte-
gration.

Remark 7.4. The algorithm used with the integration package of SAGE was
GIAC. MAXIMA and SCIPY tend to crash even for small n.
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